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Abstract
The generalized transport equations for a consistent description of kinetic and hydrodynamic
processes in dense gases and liquids are considered. The inner structure of the generalized transport
kernels for these equations is established. It is shown how in this approach to obtain the transport
equation of molecular hydrodynamics. For the model potential of interaction presented as a sum
of the hard spheres potential and certain long-range potential a spectrum of collective modes in
the system is investigated.
PACS numbers: 05.20.Dd, 05.60.+w, 52.25.Fi, 82.20.M
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I. INTRODUCTION
A number of investigations [1–28] was devoted to the problem of constructing a consistent
description of kinetic and hydrodynamic processes in dense gases, liquids, and plasma.
In dense gases and liquids (simple and molecular) as well as in dense plasma there is
no small parameter and the characteristic time of interparticle correlations is comparable
with those for the one-particle distribution function. This means that during the particles
collision process the many-particles correlations related to local mass, momentum and en-
ergy conservation laws, underlying the hydrodynamic description of a system, can not be
neglected. In this connection the local conservation laws impose some restrictions on the
kinetic processes. Their role is especially important at high densities, when the interaction
between a separate group of particles and other ones can not be neglected. This indicates
a close connection between the kinetic and hydrodynamic processes in dense gases, liquids
and plasma. Such peculiarities of transport processes should be displayed in the behaviour
of collective excitations spectrum, time correlation functions (in particular, the dynamic
structure factor) as well as the generalized transport coefficient in the region of intermediate
values of wave vector ~k and frequency ω. Another important issue remains for investigation
when the nonequilibrium processes are considered during a long time (small ω) at a small
spatial scale (large ~k) between particles and when the features of interparticle interaction
character are manifested. In particular, it is important to note the results of comparison of
experimental data on neutron scattering and molecular dynamics ones [29]. For all values of
~k in the region of small ω, deviations are observed unlike for the region of high frequencies
(short time of observation). Whereas at small ~k the behaviour can be explained by collective
effects, obviously, the dynamics of particles scattering with a momentum exchange should be
taken into account at large ~k. This is very important from the point of view of experimental
investigations on neutron scattering [1, 6, 30].
For instance, the importance of taking into account the kinetic processes connected with
irreversible collision processes at the scale of short-ranged interparticle interactions was
pointed out in [31]. The short-wavelength collective modes in liquids were investigated
therein on the basis of the linearized kinetic equation of the revised Enskog theory for the
hard spheres model.
In this paper we investigate a spectrum of collective excitations within a consistent de-
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scription of kinetic and hydrodynamic processes in a system when potential of interaction
between particles consists of two parts: the hard spheres potential and a long-range part. In
the second section we present basic transport equations of a consistent description of kinetics
and hydrodynamics of weakly nonequilibrium processes obtained by means of the Zubarev
nonequilibrium statistical operator (NSO) method [22]. The memory functions entering
these equations are calculated in section 3. In the fourth section based on the transport
equations of a consistent description of kinetics and hydrodynamics we obtain the equations
of molecular hydrodynamics. In section 5 the latter are used for investigation of spectrum
of collective excitations in the system with potential of interaction modelled by a sum of the
potential of hard spheres and a certain long-range potential.
II. KINETIC EQUATIONS FOR WEAKLY NONEQUILIBRIUM STATES
Using the ideas of papers [11, 12] the nonequilibrium statistical operator for a consis-
tent description of kinetic and hydrodynamic processes for a system of classical interacting
particles was obtained in [20, 21] by means of the NSO method. For this purpose the fol-
lowing approximation for quasiequilibrium distribution function being the functional of the
reduced-description parameters 〈nˆ~k(~p)〉t and 〈hˆint~k 〉t, was used:
̺q(x
N ; t) = ̺0(x
N )
{
1 +
∑
~k
′〈hˆint~k 〉tΦ−1hh (~k)hˆint~k +
∑
~k
′
∫
d~p
∫
d~p′〈nˆ~k(~p)〉tΦ−1~k (~p, ~p
′)nˆ~k(~p
′)
}
.
(2.1)
Here, ̺0(x
N ) is an equilibrium distribution function,
∑
~k
′ =
∑
~k(~k 6=0), with
~k being a wave
vector.
nˆ~k(~p) =
∫
d~re−i
~k·~rnˆ1(~r, ~p) (2.2)
are the Fourier-components of microscopic phase density of particles number,
hˆint~k = εˆ
int
~k
− 〈εˆint~k nˆ−~k〉0S−12 (k)nˆ~k (2.3)
are the Fourier-components of the potential part of the enthalpy density, εˆint~k =
1
2
∑N
l 6=j=1Φ(|~rlj|)e−i~k·~rj and nˆ~k =
∑N
l=1 e
−i~k·~rl are the Fourier-components of the poten-
tial energy and particles number densities, respectively. Φ−1hh (
~k) is the function inverse
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to the equilibrium correlation function Φhh(~k) = 〈hˆint~k hˆint−~k〉0, 〈. . .〉0 =
∫
dΓN . . . ̺0(x
N),
〈nˆ~k(~p)〉0 = 0(~k 6= 0). Φ−1~k (~p, ~p′) is the function inverse to
Φ~k(~p, ~p
′) = 〈nˆ~k(~p)nˆ−~k(~p′)〉0 = nδ(~p− ~p′)f0(p′) + n2f0(p)f0(p′)h2(~k).
It equals to
Φ−1~k (~p, ~p
′) =
δ(~p− ~p′)
nf0(p′)
− c2(k), (2.4)
where n = N/V , f0(p) = (β/2πm)
3/2 exp(−βp2/2m) is the Maxwellian distribution, β =
1/kBT with T being an equilibrium value of temperature. c2(k) is the direct correlation
function related to correlation function h2(k): h2(k) = c2(k)[1−nc2(k)]−1. S2(k) = 〈nˆ~knˆ−~k〉0
is the static structure factor. It is important to note that dynamic variables hˆint~k and nˆ~k(~p)
in the distribution (2.1) are orthogonal in the sense that 〈hˆint~k nˆ~k(~p)〉0 = 0.
In the approximation (2.1), within the framework of the Zubarev NSO method [22, 32],
the nonequilibrium distribution function ̺(xN ; t) has the following form [20, 21]:
̺(xN ; t) = ̺0(x
N)
{
1 +
∑
~k
′
∫
d~p
∫
d~p′〈nˆ~k(~p)〉tΦ−1~k (~p, ~p
′)nˆ
−~k(~p
′) (2.5)
+
∑
~k
′〈hˆint~k 〉tΦ−1hh (~k)hˆint−~k −
∑
~k
′
∫
d~p
∫
d~p′
∫ t
−∞
eε(t
′−t)T0(t, t
′)In(−~k; ~p)Φ−1~k (~p, ~p
′)〈nˆ~k(~p′)〉t
′
−
∑
~k
′
∫ t
−∞
eε(t
′−t)T0(t, t
′)I inth (−~k)Φ−1hh (~k)〈hˆint~k 〉t
′
}
,
where
In(~k; ~p) = (1− P0)iLN nˆ~k(~p) = (1− P0) ˙ˆn~k(~p), I inth (~k) = (1− P0)iLN hˆint~k = (1− P0)
˙ˆ
hint~k
(2.6)
are the generalized flows in linear approximation (iLN is the Liouville operator of a simple
liquid). T0(t, t
′) = exp[(t−t′)(1−P0)iLN ] is the evolution operator with regard to projection
operator P0 being a linear approximation of the Mori projection operator constructed on
the orthogonal dynamic variables nˆ~k(~p), hˆ
int
~k
[21]:
P0Aˆ~k =
∑
~k
′〈Aˆ~khˆint−~k〉0Φ−1hh (~k)hˆint~k +
∑
~k
′
∫
d~p
∫
d~p′〈Aˆ~knˆ−~k(~p)〉0Φ−1~k (~p, ~p
′)nˆ~k(~p
′). (2.7)
It possesses the following properties P0P0 = P0, P0(1 − P0) = 0, P0nˆ~k(~p) = nˆ~k(~p), P0hˆint~k =
hˆint~k .
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In view of its own structure, the nonequilibrium distribution function (2.5) is a functional
of the reduced-description parameters 〈nˆ~k(~p)〉t, 〈hˆint~k 〉t, dynamic variables nˆ~k(~p), hˆint~k along
with their generalized flows (2.6). Using ̺(xN ; t) (2.5) for the parameters of reduced descrip-
tion f~k(~p; t) = 〈nˆ~k(~p)〉t, hint~k (t) = 〈hˆint~k 〉t we can obtain the following set of equations [21]:
∂
∂t
f~k(~p; t) +
i~k · ~p
m
f~k(~p; t) = −
i~k · ~p
m
nf0(p)c2(k)
∫
d~p′f~k(~p
′; t) + iΩnh(~k; ~p)h
int
~k
(t) (2.8)
−
∫
d~p′
∫ t
−∞
eε(t
′−t)ϕnn(~k; ~p, ~p
′; t, t′)f~k(~p
′; t′)dt′ −
∫ t
−∞
eε(t
′−t)ϕnh(~k; ~p; t, t
′)hint~k (t
′)dt′,
∂
∂t
hint~k (t) =
∫
d~p′iΩhn(~k; ~p
′)f~k(~p
′; t) (2.9)
−
∫
d~p′
∫ t
−∞
eε(t
′−t)ϕhn(~k; ~p
′; t, t′)f~k(~p
′; t′)dt′ −
∫ t
−∞
eε(t
′−t)ϕhh(~k; t, t
′)hint~k (t
′)dt′,
Here, iΩnh(~k; ~p), iΩhn(~k; ~p) are the normalized static correlation functions
iΩnh(~k; ~p) = 〈 ˙ˆn~k(~p)hˆint−~k〉0Φ−1hh (~k), iΩhn(~k; ~p) =
∫
d~p′〈 ˙ˆhint~k nˆ−~k(~p′)〉0Φ−1~k (~p
′, ~p) (2.10)
and
ϕnn(~k; ~p, ~p
′; t, t′) =
∫
d~p′′〈In(~k; ~p)T0(t, t′)In(−~k; ~p′′)〉0Φ−1~k (~p′′, ~p′),
ϕhn(~k; ~p; t, t
′) =
∫
d~p′〈I inth (~k)T0(t, t′)In(−~k; ~p′)〉0Φ−1~k (~p′, ~p), (2.11)
ϕhn(~k; ~p; t, t
′) = 〈In(~k; ~p)T0(t, t′)I inth (−~k)〉0Φ−1hh (~k),
ϕhh(~k; ~p; t, t
′) = 〈I inth (~k)T0(t, t′)I inth (−~k)〉0Φ−1hh (~k)
are the generalized transport kernels (memory functions) describing kinetic and hydrody-
namic processes. The set of equations (2.8) and (2.9) is closed with respect to the parameters
of reduced description f~k(~p; t), h
int
~k
(t). If in this set of equations one formally puts hˆint~k = 0,
then we obtain the kinetic equation for f~k(~p; t):
∂
∂t
f~k(~p; t) +
i~k · ~p
m
f~k(~p; t) = −
i~k · ~p
m
nf0(p)c2(k)
∫
d~p′f~k(~p
′; t) (2.12)
−
∫
d~p′
∫ t
−∞
eε(t
′−t)ϕ′nn(
~k; ~p, ~p′; t, t′)f~k(~p
′; t′)dt′.
This is true when the contribution form the potential energy is considerably smaller than the
averaged kinetic energy (e.g. in the case of gases or weakly coupled liquids). The equation
(2.12) was obtained for the first time by means of the Mori projection operators method
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in [34, 35, 37]. Therein the basic parameter of the reduced description was a nonequilibrium
one-particle distribution function f~k(~p; t) which corresponds to the microscopic phase density
nˆ~k(~p) (the Klimontovich function). In this case the memory function ϕ
′
nn(
~k; ~p, ~p′; t, t′) has
the following structure:
ϕ′nn(
~k; ~p, ~p′; t, t′) =
∫
d~p′′〈I0n(~k, ~p)T ′0(t, t′)I0n(−~k, ~p′′)〉0Φ−1~k (~p
′′, ~p′), (2.13)
where I0n(
~k, ~p) = (1 − P ′0) ˙ˆn~k(~p) is the generalized flow, P ′0 is the Mori operator, introduced
in [34, 35, 37]
P ′0Aˆ~k′ =
∑
~k
′
∫
d~p
∫
d~p′〈Aˆ~k′nˆ−~k′(~p′)〉0Φ−1~k (~p
′, ~p)nˆ~k(~p), (2.14)
and T ′0(t, t
′) is the corresponding evolution operator with regard to projection. Based on the
kinetic equation (2.12) the investigations of the dynamic structure factor, transverse and
longitudinal current time correlation functions, diffusion and viscosity coefficients for dense
gases and liquids where carried out [2, 10, 34–46]. In particular, in Mazenko’s papers the
linearized Boltzmann-Enskog equation was obtained by means of expansion of the memory
functions ϕ′nn(
~k; ~p, ~p′; t, t′) in density. For the case of weak coupling, the equation of Fokker-
Planck type was obtained. However, the main drawback of kinetic equation (2.12) consists
in its inconsistency with the total energy conservation law, especially for dense gases and
liquids, when the contribution of the potential energy into the thermodynamic functions
and transport coefficients is determinant. In [2] this drawback was studied in detail. There
the investigations of the dynamic structure factor at intermediate values of wave-vector ~k
and frequency ω for simple liquids were carried out by using the Mori projection operators
method for the reduced-description parameters nˆ~k(~p), εˆ~k. Contrary to the transport equa-
tions presented in [2], our set of equations (2.8) and (2.9) is constructed on the orthogonal
dynamic variables nˆ~k(~p), hˆ
int
~k
. Therefore, “kinetic” and “hydrodynamic” contributions are
separated and correlation between them is described by the generalized memory functions
(2.11). It is important to reveal their inner structure.
III. MEMORY FUNCTIONS OF A CONSISTENT DESCRIPTION OF KINETIC
AND HYDRODYNAMIC PROCESSES
In order to study the structure of the memory functions (2.11) let us look at the form
of the corresponding generalized flows (2.6) on which the memory functions are built. In
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particular, let us take into consideration the fact that
˙ˆn~k(~p) = iLN nˆ~k(~p) = −
i~k
m
· ~ˆ~k(~p) +
∂
∂~p
· ~F~k(~p), (3.1)
where
~ˆ~k(~p) =
N∑
j=1
~pje
−i~k·~rjδ(~p− ~pj) (3.2)
is the momentum density in the (~k, ~p) space and
~F~k(~p) =
1
2
∑
j 6=l
∂
∂~r j
Φ(|~rj − ~rl|)δ(~p− ~pj)e−i~k·~rj . (3.3)
The action of the Mori projection operator P0 on ˙ˆn~k(~p) can be presented as
P0 ˙ˆn~k(~p) = −
β
m
~p · ~ΦFh(~k)hˆint~k f0(p)−
i~k
m
· ~pnˆ~k(~p), (3.4)
where
~ΦFh(~k) = 〈~F~khˆint~k 〉0Φ−1hh (~k). (3.5)
Taking into account (2.4) we write down the memory function ϕnn(~k; ~p, ~p
′; t, t′) in the fol-
lowing form
ϕnn(~k; ~p, ~p
′; t, t′) =
∫
d~p′′〈In(~k; ~p)T0(t, t′)In(− ~k; ~ ′′p)〉0
{
δ(~p′′ − ~p′)
nf0(p′)
− c2(k)
}
(3.6)
= 〈In(~k; ~p)T0(t, t′)In(− ~k; ~ ′p)〉0 1
nf0(p′)
−
∫
d~p′′〈In(~k; ~p)T0(t, t′)In(− ~k; ~ ′′p)〉0c2(k).
The second term in the right-hand side of (3.6) is equal to zero, because∫
d~pIn(~k; ~p) = 0. (3.7)
The transport kernel ϕnn(~k; ~p, ~p
′; t, t′) enters into the kinetic equation (2.8) as the term∫
ϕnn(~k; ~p, ~p
′; t, t′)f~k(~p
′; t)d~p′. Taking into account (3.6) and (3.7) we can write the last one
in the form∫
d~p′ϕnn(~k; ~p, ~p
′; t, t′)f~k(~p
′; t) =
∫
d~p′
{
ϕ¯(~k; ~p, ~p
′; t, t′) (3.8)
− ∂
∂~p
· ϕFF (~k; ~p, ~p′; t, t′) ·
(
β
mnf0(p′)
~p′ − ∂
∂~p′
)}
f~k(~p
′; t′)− ϕ¯(2)n (~k; ~p; t, t′) · 〈~ˆ~k〉t,
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where the second term has the structure of the generalized Fokker-Planck operator containing
the generalized friction coefficient ϕFF (~k; ~p, ~p
′; t, t′) in the spatially-impulse space.
ϕ¯(~k; ~p, ~p
′; t, t′) =
~k
m
· ϕ(~k; ~p, ~p′; t, t′) ·
~k
m
(3.9)
− i
~k
m
· ϕF (~k; ~p, ~p′; t, t′) · ∂
∂~p′
+
∂
∂~p
· ϕF(~k; ~p, ~p′; t, t′) · i
~k
m
+ ϕ¯(1)nn(
~k; ~p, ~p′; t, t′),
ϕFF (~k; ~p, ~p
′; t, t′) = 〈~F~k(~p)T0(t, t′)~F−~k(~p′)〉0, ϕ(~k; ~p, ~p′; t, t′) = 〈~ˆ~k(~p)T0(t, t′)~ˆ−~k(~p′)〉0,
(3.10)
ϕF (~k; ~p, ~p
′; t, t′) = 〈~ˆ~k(~p)T0(t, t′)~F−~k(~p′)〉0, ϕF(~k; ~p, ~p′; t, t′) = 〈~F~k(~p)T0(t, t′)~ˆ−~k(~p′)〉0,
moreover, ∫
d~p
∫
d~p′ϕ(~k; ~p, ~p
′; t, t′) = D(~k; t, t′), (3.11)
is the generalized coefficient of diffusion of particles and ϕ(~k; ~p, ~p
′; t, t′) the generalized
diffusion coefficient in momentum space.∫
d~p
∫
d~p′ϕFF (~k; ~p, ~p
′; t, t′) = ξ(~k; t, t′) (3.12)
is the generalized friction coefficient and ϕFF (~k; ~p, ~p
′; t, t′) the generalized friction coefficient
in momentum space.
The structure of functions ϕ¯
(1)
nn(~k; ~p, ~p′; t, t′) and ϕ
(2)
n (~k; ~p; t, t′) is presented in the Ap-
pendix. In particular, they are determined by the time correlation functions built on the set
of dynamic variables nˆ~k(~p), hˆ
int
~k
, ~ˆ~k(~p) and
~F~k(~p).
In the kinetic equation (2.8) the transport kernel ϕnh(~k; ~p; t, t
′) describes dynamic corre-
lations between the kinetic and hydrodynamic processes. Performing the action of operators
(1− P0) and iLN as well as taking into account (3.4) and
P0
˙ˆ
hint~k =
~Φ′hF (~k) · ~ˆ~k, ~Φ′hF (~k) = 〈hˆint~k ~F−~k〉0
β
mn
, (3.13)
the kernel ϕnh(~k; ~p; t, t
′) can be presented as
ϕnh(~k; ~p; t, t
′) = −i
~k
m
· ϕ¯h˙(~k; ~p; t, t′) +
∂
∂~p
· ϕ¯F h˙(~k; ~p; t, t′) +
β
m
~p · ~ΦFh(~k)f0(p)ϕ¯hh˙(~k; t, t′)
+
i~k
m
· ~pϕ¯nh˙(~k; ~p; t, t′) +
i~k
m
· ϕ(~k; ~p; t, t′) · ~Φ′hF (~k)−
∂
∂~p
· ϕF(~k; ~p; t, t′)~Φ′hF (~F )
− β
m
~p · ~ΦFh(~k)f0(p)ϕh(~k; t, t′) · ~Φ′hF (~k)−
i~k
m
· ~pϕn(~k; ~p; t, t′)~Φ′hF (~k), (3.14)
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The structure of the correlation functions entering this equation is presented in the Ap-
pendix as well. The correlation functions ϕ(~k; ~p; t, t
′), ϕF(~k; ~p; t, t
′), ϕh(~k; ~p; t, t
′), and
ϕn(~k; ~p; t, t
′) have the structure similar to (A.2).
From the structure of the transport kernels (3.8), (3.9), (A.1), (A.3) and (3.13) in the
kinetic equation (2.8) for a nonequilibrium one-particle distribution function one can see
that the contributions of the hydrodynamic processes are described, besides hˆint~k , by the
moments
∫
d~pf~k(~p; t) = n~k(t) = 〈nˆ~k〉t and
∫
d~p~pf~k(~p; t) = 〈~ˆ~k〉t.
As in the case of equation (2.8), let us find the inner structure of transport kernels in
equation (2.9) for the average value of the potential part of the enthalpy. In particular,
taking into account (3.13), for ϕhh(~k; t, t
′) we obtain:
ϕhh(~k; t, t
′) = ϕ¯
(0)
h˙h˙
(~k; t, t′)− ~Φ′hF (~k) · ϕ¯(0)h˙ (~k; t, t′) (3.15)
− ϕ¯h˙(~k; t, t′) · ~Φ′hF (~k) + ~Φ′hF (~k) · ϕ(0) (~k; t, t′) · ~ΦFh(~k).
ϕ¯
(0)
h˙h˙
(~k; t, t′) = 〈 ˙ˆhint~k T0(t, t′)
˙ˆ
hint
−~k
〉0Φ−1hh (~k), ϕ¯(0)h˙ (~k; t, t′) = 〈~ˆ~kT0(t, t′)
˙ˆ
hint~k 〉0Φ−1hh (~k), (3.16)
ϕ¯h˙(
~k; t, t′) = Φ−1hh (
~k)〈 ˙ˆhint~k T0(t, t′)~ˆ~k〉0, ϕ
(0)
 (
~k; t, t′) = 〈~ˆ~kT0(t, t′)~ˆ~k〉0 = D(~k; t, t′)
(3.17)
that is, ϕ
(0)
 (~k; t, t′) is the generalized diffusion coefficient (3.11), whereas, ϕ¯
(0)
h˙h˙
(~k; t, t′) deter-
mines a potential part of the generalized heat-conductivity coefficient. Taking into account
(3.4), (3.14) the transport kernel ϕhn(~k; ~p; t, t
′) entering (2.9) as
∫
d~p′ϕhn(~k; ~p
′; t, t′)f~k(~p
′; t′)
can be presented in the following way∫
d~p′ϕhn(~k; ~p
′; t, t′)f~k(~p
′; t′) =
i~k
m
·
∫
d~p′Whn(~k; ~p
′; t, t′)
1
nf0(p′)
f~k(~p
′; t) (3.18)
−
∫
d~p′WhF (~k; ~p
′; t, t′)
1
nf0(p′)
·
(
β
~p′
mn
− ∂
∂~p′
)
f~k(~p
′; t′) +Whj(~k; t, t
′)
β
mn
· 〈~ˆ~k〉t
′
,
where
Whn(~k; ~p
′; t, t′) = ϕh˙(
~k; ~p′; t, t′)
− ϕh˙n(~k; ~p′; t, t′) · ~p′ − ~Φ′hF (~k)ϕ(~k; ~p′; t, t′) + ~Φ′hF (~k)ϕn(~k; ~p′; t, t′) · ~p′,
WhF (~k; ~p
′; t, t′) = ϕh˙F (
~k; ~p′; t, t′) + ~Φ′hF (
~k)ϕF (~k; ~p
′; t, t′),
Wh(~k; t, t
′) = ϕh˙h(
~k; t, t′)~Φ′hF (
~k)− ~Φ′hF (~k)ϕh(~k; t, t′)~Φ′hF (~k)
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are the transport kernels, formed by the time correlation functions of type of (A.5) and
(3.16). Taking into account the structure of the memory functions (3.8), (3.14), (3.15) and
(3.18), we present the set of equations (2.8), (2.9) in the form
∂
∂t
f~k(~p; t) +
i~k
m
· ~pf~k(~p; t) = (3.19)
− i
~k
m
· ~pnf0(p)c2(~k)
∫
d~p′f~k(~p
′; t) + iΩnh(~k; ~p)h
int
~k
(t)
−
∫
d~p′
∫ t
−∞
eε(t
′−t)
{
ϕ(~k; ~p, ~p
′; t, t′)
− ∂
∂~p
· ϕFF (~k; ~p, ~p′; t, t′) ·
(
β~p′
mnf0(p′)
− ∂
∂~p′
)}
f~k(~p
′; t′)dt′
+
∫ t
−∞
eε(t
′−t)ϕ(2)n (
~k; ~p, ; t, t′) · ~~k(t)
+
∫ t
−∞
eε(t
′−t)
{i~k
m
·Wnh˙(~k; ~p; t, t′)−
∂
∂~p
·WFh(~k; ~p; t, t′)
− β
m
f0(p)~p ·WF h˙(~k; ~p; t, t′)
}
hint~k (t
′)dt′,
∂
∂t
hint~k (t) =
∫
d~p′iΩhn(
~k; ~ ′p)f~k(~p
′; t) (3.20)
−
∫ t
−∞
eε(t
′−t)
{
ϕ¯
(0)
h˙h˙
(~k; t, t′)− ~Φ′hF (~k) · ϕ¯(0)h (~k; t, t′)
− ϕ¯h(~k; t, t′) · ~Φ′hF (~k) + ~Φ′hF (~k) · ϕ¯(0) (~k; t, t′) · ~ΦFh(~k)
}
hint~k (t
′)dt′
− i
~k
m
·
∫
d~p′
∫ t
−∞
eε(t
′−t)Whn(~k; ~p
′; t, t′)
1
nf0(p′)
f~k(~p
′; t′)dt′
+
∫
d~p′
∫ t
−∞
eε(t
′−t)WhF (~k; ~p
′; t, t′)
1
nf0(p′)
·
(
β
mn
~p′ − ∂
∂~p′
)
f~k(~p
′; t′)dt′
−
∫ t
−∞
eε(t
′−t)Wh(~k; t, t
′)
β
mn
· ~~k(t′)dt′,
where in the first equation the transport kernels have the following structure:
Wnh˙(
~k; ~p; t, t′) = ϕ¯h˙(
~k; ~p; t, t′)
− ~p · ϕ¯nh˙(~k; ~p; t, t′)− ϕ(~k; ~p; t, t′) · ~Φ′hF (~k) + ~p · ϕn(~k; ~p; t, t′) · ~Φ′hF (~k),
WFh(~k; ~p; t, t
′) = ϕ¯Fh(~k; ~p; t, t
′)− ϕF(~k; ~p; t, t′) · ~Φ′hF (~k),
WF h˙(
~k; ~p; t, t′) = ~ΦFh(~k) · ϕhh˙(~k; t, t′)− ~ΦFh(~k) · ϕh(~k; t, t′) · ~Φ′hF (~k).
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The transport equations (3.19), (3.20) are functionally connected concerning the basic
parameters of reduced description f~k(~p; t), h
int
~k
(t). However, the equations contain the av-
erage values of densities of particles number 〈nˆ~k〉t and momentum 〈~ˆ~k〉t, which, generally
speaking, are the hydrodynamic variables. Integrating the equation (3.19) over momentum,
we obtain the equation for n~k(t)
∂
∂t
n~k(t) +
i~k
m
· ~~k(t) = 0, (3.21)
that represents the conservation law for average value of number of particles.
It is worth noting that the generalized diffusion and friction coefficients (3.9)–(3.12) in the
phase space together with the generalized coefficients (3.15)–(3.16), the diffusion coefficient
ϕ
(0)
 (~k; t, t′), the potential part of the generalized heat conductivity coefficient ϕ¯
(0)
h˙h˙
(~k; t, t′)
as well as together with coefficients ϕ¯
(0)
h˙
(~k; t, t′) and ϕ¯h˙(
~k; t, t′) describing cross-correlations
between viscous and heat processes all enter the set of transport equations (3.19), (3.20).
In contrast by the equations of molecular hydrodynamics [10, 47], in this approach, the
viscosity processes in the system are described by means of the generalized coefficients of
diffusion and friction of particles in the phase space. Such a level of description is very
important, in particular, in the case of molecular liquids, molecules of which possess their
own structure and are sensitive to the process of momentum transfer when interacting.
Another significant feature of these equations is connected with the averaged value of the
potential part of the enthalpy density hint~k (t). In the case when Fourier transform of the
long-range part of the potential of interaction Φ(|~rlj |) exists, the potential part of the energy
density εˆint~k can be expressed via the Fourier-components of particles number density:
εˆint~k =
1
2
∑
~q
ν(q)nˆ~q+~knˆ−~q, (3.22)
where ν(q) is the Fourier transform of the pair potential of interaction. Taking into account
(3.22) the averaged value of the potential part of the enthalpy density can be presented as
follows:
hint~k (t) =
1
2
∑
~q
ν(q)F2(~q + ~k,−~q; t) + 1
2
∑
~q
ν(q)S3(~q + ~k,−~q,−~k)S−12 (~q)n~k(t). (3.23)
Here, F2(~q+~k,−~q; t) = 〈nˆ~q+~knˆ−~q〉t is the nonequilibrium scattering function, whose Fourier
transform is the nonequilibrium dynamic structure factor S2(~q + ~k,−~q;ω) of particles of
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the system. S3(~q + ~k,−~q,−~k) = 〈nˆ~q+~knˆ−~qnˆ−~k〉0 is the three-particles equilibrium structure
factor. The function S2(~q + ~k,−~q; t) is important from the point of view of describing the
dynamics of neutron scattering in the system [1, 6, 30].
On the basis of the generalized transport equations (3.19), (3.20) one can obtain the
corresponding set of equations for time correlation functions [33].
Let us now project the set of equations (2.8), (2.9) or (3.19), (3.20) onto the first moments
of the nonequilibrium one-particle distribution function
Ψ1(~p) = 1, Ψα(~p) =
√
2pα/2kBT, Ψε(~p) =
√
2/3(p2/2mkBT − 3/2), (α = x, y, z).
(3.24)
Then, we obtain the set of equations for the averaged values of densities of particles number
n~k(t), momentum ~~k(t), kinetic h
kin
~k
(t) and potential hint~k (t) parts of enthalpy [21], where
the Fourier-components of the kinetic part of enthalpy density defined as hˆkin~k = εˆ
kin
~k
−
〈εˆkin~k nˆ−~k〉0〈nˆ~knˆ−~k〉
−1
0 nˆ~k. Using the Laplace transform let us represent the obtained system
of equations for averages a˜~k(z) = {n~k(z), ~~k(z), hkin~k (z), hint~k (z)} in a matrix form:
za˜~k(z)− Σ˜G(~k; z)a˜~k(z) = −〈a˜~k(t = 0)〉t. (3.25)
with the matrix Σ˜G(~k; z).
Σ˜G(~k; z) = iΩ˜G(~k) + Π˜G(~k; z), (3.26)
where
iΩ˜G(~k) =


0 iΩn 0 0
iΩn 0 iΩ
kin
h iΩ
int
h
0 iΩkinh 0 0
0 iΩinth 0 0


(~k)
(3.27)
is the frequency matrix, and
Π˜G(~k; z) =


0 0 0 0
0 Π Π
kin
h Π
int
h
0 Πkinh Π
kin,kin
hh Π
kin,int
hh
0 Πinth Π
int,kin
hh Π
int,int
hh


(~k;z)
(3.28)
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is the matrix of transport kernels. Its elements have the following structure:
Πµν(~k; z) = 〈Ψµ|ϕ˜(~k; z) + Σ˜(~k; z)Q[zI˜ −QΣ˜(~k; z)Q]−1QΣ˜(~k; z)|Ψν〉, (3.29)
where Q = 1 − P with P being the projection operator constructed on the first moments
|Ψα(~p)〉 of the nonequilibrium one-particle distribution function. This operator acts ac-
cording to the rule P〈Ψ| = ∑nν=1〈Ψ|Ψν〉〈Ψν|, where 〈Ψ|Ψν〉 = ∫ d~ξΨ(~ξ)f0(ξ)Ψν(~ξ) is the
scalar product of two functions. {Ψν(ξ)} is a set of functions satisfying the conditions
〈Ψµ|Ψν〉 = δµν ,
∑
ν |Ψν〉〈Ψν | = 1. As we can see from the structure of elements of the
matrixes iΩ˜G(~k) and Π˜G(~k; z), the contributions of kinetic and potential parts of enthalpy
are separated. However, all the transport kernels of Π˜(~k; z) are determined in terms of the
time correlation functions (A.2), (A.4) and the transport kernels ϕ¯
(0)
h˙h˙
(~k; t, t′), ϕ¯
(0)
h˙
(~k; t, t′),
ϕ¯
(0)
h˙
(~k; t, t′) and D(~k; t, t′) (3.16).
IV. TRANSITION TO EQUATIONS OF MOLECULAR HYDRODYNAMICS
It is well known that the molecular hydrodynamics of dense gases and liquids is based
on the transport equations for the averaged values of densities of particles number 〈nˆ~k〉t,
momentum 〈~ˆ~k〉t and generalized enthalpy 〈hˆ~k〉t [10, 48]. In our case 〈hˆ~k〉t = 〈hˆkin~k 〉t +
〈hˆint~k 〉t. As a result of projecting of the equations (3.19), (3.20) onto the first moments of
the nonequilibrium one-particle distribution function we obtain a set of equations for the
averages 〈nˆ~k〉t, 〈~ˆ~k〉t, 〈hˆkin~k 〉t and 〈hˆint~k 〉t [with the elements of frequency matrix (3.27) and
matrix of memory functions (3.28)], which in the Laplace representation we write down in
the explicit form:
zn~k(z) + iΩn(
~k)~~k(z) = −〈nˆ~k(t = 0)〉, (4.1)
z~~k(z) + iΩn(
~k)n~k(z) + iΩ
kin
jh (
~k)hkin~k (z) + iΩ
int
h (
~k)hint~k (z)
−Π(~k, z)~~k(z)− Πkinh (~k, z)hkin~k (z)− Πinth (~k, z)hint~k (z) = −〈~ˆ~k(t = 0)〉, (4.2)
zhkin~k (z) + iΩ¯
kin
h (
~k, z)~~k(z)
−Πkin,kinhh (~k, z)hkin~k (z)−Π
kin,int
hh (
~k, z)hint~k (z) = −〈hˆkin~k (t = 0)〉, (4.3)
zhint~k (z) + iΩ¯
int
h (
~k, z)~~k(z)
−Πint,kinhh (~k, z)hkin~k (z)− Π
int,int
hh (
~k, z)hint~k (z) = −〈hˆint~k (t = 0)〉, (4.4)
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where
iΩ¯kinh (
~k, z) = iΩkinh (
~k)− Πkinh (~k, z),
iΩ¯inth (
~k, z) = iΩinth (
~k)− Πinth (~k, z). (4.5)
In order to pass to the equations of molecular hydrodynamics let us sum up equations (4.3)
and (4.4). As a result we obtain (superscript “tot” denotes the total enthalpy density):
zh~k(z) + iΩ¯h(
~k, z)~~k(z)− Πtot,kinhh (~k, z)hkin~k (z)− Π
tot,int
hh (
~k, z)hint~k (z) = 〈hˆ~k(t = 0)〉,(4.6)
where
h~k(z) = h
kin
~k
(z) + hint~k (z), (4.7)
iΩ¯h(~k, z) = iΩh(~k)− Πh(~k, z). (4.8)
Then, after some transformations we can preset this equation in the following form:
zh~k(z) + iΩ¯h(
~k, z)~~k(z)−Πhh(~k, z)h~k(z)
+ Πtot,kinhh (
~k, z)hint~k (z) + Π
tot,int
hh (
~k, z)hkin~k (z) = −〈hˆ~k(t = 0)〉, (4.9)
where
Πhh(~k, z) = Π
tot,kin
hh (
~k, z) + Πtot,inthh (
~k, z). (4.10)
To eliminate hint~k (z) and h
kin
~k
(z) from (4.9) we use equations (4.3), (4.4) once more, and find:
zhint~k (z) + iΩ˜
int
h (
~k, z)~~k(z)− Σint,inthh (~k, z)hint~k (z) = 0, (4.11)
zhkin~k (z) +
{
iΩ¯kinh (
~k, z) + Πkin,inthh (
~k, z)
[
z − Σint,inthh (~k, z)
]−1
iΩ˜inth (
~k, z)
}
~~k(z)
− Πkin,kinhh (~k, z)hkin~k (z) = 0, (4.12)
where
iΩ˜inth (
~k, z) = iΩ¯inth (
~k, z) + Πint,kinhh (
~k, z)
[
z −Πkin,kinhh (~k, z)
]−1
iΩ¯kinh (
~k, z), (4.13)
Σint,inthh (
~k, z) = Πint,inthh (
~k, z) + Πint,kinhh (
~k, z)
[
z − Πkin,kinhh (~k, z)
]−1
Πkin,inthh (
~k, z). (4.14)
After expressing hint~k (z) and h
kin
~k
(z) from (4.11), (4.12) we can present equation (4.9) as
zh~k(z) +
(
iΩ¯h(~k, z)− Σh(~k, z)
)
~~k(z)− Πhh(~k, z)h~k(z) = −〈hˆ~k(t = 0)〉 (4.15)
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with
Σh(~k, z) = Π
tot,kin
hh (
~k, z)
1
z − Σint,inthh (~k, z)
iΩ¯inth +Π
tot,int
hh (
~k, z)
1
z − Πkin,kinhh (~k, z)
×
(
iΩ¯kinh (
~k, z) + Πkin,inthh (
~k, z)
1
z − Σint,inthh (~k, z)
iΩ˜inth (
~k, z)
)
. (4.16)
Now let us write down equation (4.2) in the following form:
z~~k(z) + iΩn(
~k)n~k(z) + iΩ¯h(
~k, z)h~k(z)− Π(~k, z)~~k(z)
− iΩ¯inth (~k, z)hkin~k (z)− iΩ¯inth (~k, z)hint~k (z) = −〈~ˆ~k(t = 0)〉, (4.17)
where
iΩ¯h(~k, z)h~k(z) = iΩh(
~k)− Πh(~k, z), (4.18)
iΩ¯inth (
~k, z)h~k(z) = iΩ
int
h (
~k)− Πinth (~k, z), (4.19)
iΩ¯kinh (
~k, z)h~k(z) = iΩ
kin
h (
~k)− Πkinh (~k, z). (4.20)
After taking into account (4.11) and (4.12), we can present equation (4.9) in the form
z~~k(z) + iΩn(
~k)n~k(z) + iΩ¯h(
~k, z)h~k(z)− Σ(~k, z)~~k(z) = −〈~ˆ~k(t = 0)〉 (4.21)
with
Σ(~k, z) = Π(~k, z)− iΩ¯inth (~k, z)
1
z − Πkin,kinhh (~k, z)
×
{
iΩ¯kinh (
~k, z) + Πkin,kinhh (
~k, z)
1
z − Σint,inthh (~k, z)
iΩ˜kinh (
~k, z)
}
−iΩ¯kinh (~k, z)
1
z − Σint,inthh (~k, z)
iΩ˜inth (
~k, z). (4.22)
Finally, the system of equation, which by its structure coincide with the set of equations
of molecular hydrodynamics, can be presented as follows:
zn~k(z) + iΩn(
~k)~~k(z) = −〈nˆ~k(t = 0)〉, (4.23)
z~~k(z) + iΩn(
~k)n~k(z) + iΩh(
~k, z)h~k(z)
− Πh(~k, z)h~k(z)− Σ(~k, z)~~k(z) = −〈~ˆ~k(t = 0)〉, (4.24)
zh~k(z) + iΩh(
~k)~~k(z)− Πh(~k, z)~~k(z)− Πhh(~k, z)h~k(z) = −〈hˆ~k(t = 0)〉. (4.25)
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Here, Σ(~k, z), Πhh(~k, z), Πh(~k, z) and Πh(~k, z) determine the generalized viscosity, heat
conductivity coefficients as well as the generalized transport cross-coefficients describing
dissipative correlations between viscous and heat processes.
It is worth to mention that the presented generalized transport kernels are expressed
via the transport kernels ϕnn(~k; ~p, ~p
′; t, t′), ϕnh(~k; ~p; t, t
′), ϕhn(~k; ~p
′; t, t′) and ϕhh(~k; t, t
′) of
a consistent description of kinetics and hydrodynamics and, obviously, their calculation
depends on an explicit model of interparticle interaction.
V. SPECTRUM OF COLLECTIVE EXCITATIONS
Let us consider the system of kinetic equations (2.8), (2.9) in the case when the potential
of interaction is presented as follows:
Φ(|~rij|) = Φhs(|~rij|) + Φl(|~rij|), (5.1)
where Φhs(|~rij|) is the hard sphere interaction potential, and Φl(|~rij|) is the long-range po-
tential. Taking into account the features of the hard sphere model dynamics [12] and the
results of investigations [31, 36, 42], one can separate Enskog-Boltzmann collision integral
from the function ϕnn(~k; ~p, ~p
′; t, t′). Indeed, an infinitesimal time of a collision τ0 → +0
within an infinitesimal region σ ±∆r0, ∆r0 ∼ |τ0||~p2 − ~p1|/m → +0 being a feature of the
hard sphere model dynamics (σ is the hard sphere diameter). Taking this into account in
the kinetic equation (2.8) we can obtain the kinetic equation of the revised Enskog theory
for the hard sphere model and the kinetic Enskog-Landau equation for the charged hard
sphere model in a pair collision approximation, respectively [12]. In the latter case, when
Φl(|~rij|) is the Coulomb potential of interaction, taking into account the features τ0 → +0,
∆r0 → +0 makes it possible to separate a collision integral of the revised Enskog theory
and a Landau-like collision integral in the limits τ → −0 and τ → −∞, respectively. In
the case of potential (5.1), in the region of τ0 → +0, ∆r0 → +0, σ ± ∆r0 when the main
contribution to a dynamics is defined by pair collisions of hard spheres, the memory func-
tion ϕnn(~k; ~p, ~p
′; t, t′) can be calculated by expanding it over the density (a pair collision
approximation), what was done in papers by Mazenko [36–39, 42] in detail.
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Then, the kinetic equation (2.8) can be represented in the following form:
∂
∂t
f~k(~p; t) +
i~k · ~p
m
f~k(~p; t) = −
i~k · ~p
m
nf0(~p)c2(k)
∫
d~p′f~k(~p
′; t)
−
∫
d~p′ϕhsnn(
~k, ~p, ~p′)f~k(~p
′; t) + iΩnh(~k; ~p)h
int
~k
(t)
−
∫
d~p′
∫ t
−∞
dt′eε(t−t
′)ϕlnn(
~k; ~p, ~p′; t, t′)f~k(~p
′; t′)−
∫ t
−∞
dt′eε(t−t
′)ϕnh(~k; ~p; t, t
′)hint~k (t
′).
(5.2)
Here, ∫
d~p′ϕhsnn(
~k, ~p, ~p′)f~k(~p
′; t) = ng2(σ)σ
2
∫
dΩσ
∫
d~p′
(~p− ~p′) · ~ˆσ
m
Θ−
(
~ˆσ · [~p− ~p′]
)
×
[
f0(p
′∗)f~k(~p; t)− f0(p′)f~k(~p∗; t) + ei
~k·~ˆσσf0(p
′∗)f~k(~p
′∗; t)− ei~k·~ˆσσf0(p)f~k(~p′; t)
]
(5.3)
is the Enskog-Boltzmann collision integral, where c02(
~k) is the low-density limit of the direct
correlation function and g2(σ) is the pair distribution function. The step function Θ−(x)
is unity for x < 0 and vanishes otherwise. dΩσ is the differential solid angle, ~ˆσ is unity
vector. The pre- and postcollision momenta of the colliding hard spheres are denoted as
(~p, ~p′) and (~p∗, ~p′∗), respectively. ϕlnn(
~k; ~p, ~p′; t, t′) is the part of the transport kernel related
to the long-range interaction potential Φl(|~rij|). Notably, the presented equation contains
the Enskog-Boltzmann collision integral describing short-time dynamics of the hard sphere
model. The collective effects related to the long-range interactions between particles are
described by the functions iΩnh(~k; ~p), ϕ
l
nn(
~k; ~p, ~p′; t, t′), ϕnh(~k; t, t
′) and by the equation for
hint~k (t). Since the collective modes for the Enskog-Boltzmann model are well studied [31], the
investigation of time correlation functions and collective modes for the system of particles
interacting through the potential (5.1) turns out to be of great interest. In the case of the
hard sphere system, the set of kinetic equations (2.9), (5.2) reduces to the Enskog-Boltzmann
kinetic equation [31].
∂
∂t
f~k(~p; t) +
i~k · ~p
m
f~k(~p; t) = −
i~k · ~p
m
nf0(~p)
[
c2(k)− g2(σ)c02(k)
] ∫
d~p′f~k(~p
′; t)
− ng2(σ)σ2
∫
dΩσ
∫
d~p′
(~p− ~p′) · ~ˆσ
m
Θ−
(
~ˆσ · [~p− ~p′]
)
×
[
f0(p
′∗)f~k(~p; t)− f0(p′)f~k(~p∗; t) + ei
~k·~ˆσσf0(p
′∗)f~k(~p
′∗; t)− ei~k·~ˆσσf0(p)f~k(~p′; t)
]
. (5.4)
Projecting the Enskog-Boltzmann equation onto the first moments of the nonequilibrium
one-particle distribution function a spectrum of collective excitations for the hard sphere
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model was obtained in [31, 49]. Herewith, it is important to note that for the kinetic
Enskog-Boltzmann equation we can consider two typical limits: kσ ≪ 1 and kσ ≫ 1.
In the case when kσ ≪ 1 the spectrum includes: heat mode zH(k) = −DTEk2, where
DTE is the thermal diffusivity coefficient in the Enskog transport theory [50]; two sound
modes with eigenvalues given by z±(k) = ±ick − ΓEk2, where ΓE is the sound damping
coefficient and c is the sound velocity in the Enskog theory; two transverse modes with
eigenvalues given by zν1(k) = zν2(k) = zν(k) = −νEk2, νE is the kinematic viscosity in
the Enskog dense gas theory. In the limit when kσ ≫ 1 the Enskog-Boltzmann collision
integral (5.3) is transformed [31] into the Lorentz-Boltzmann collision integral which has
only one eigenfunction Ψ1(~p) = 1. Consequently, we obtain the diffusion mode only with
the eigenvalue zD(k) = −DEk2, DE is the self-diffusion coefficient as given by the Enskog
dense gas theory.
Let us now project the system of equation (2.9), (5.2) onto the first moments of
the nonequilibrium one-particle distribution function. Thereafter we perform a simple
transformations consisting in the transition from the set of equations (3.25) for averages
n~k(z), ~~k(z), h
kin
~k
(z), hint~k (z) to the equations of the generalized hydrodynamics for averages
b˜~k(z) = [n~k(z), ~~k(z), h~k(z) = h
kin
~k
(z) + hint~k (z)] as it was described in section IV. This per-
mits to correctly define (see below) the generalized viscosity coefficient via the transport
kernel (4.22) and the heat conductivity coefficient via the transport kernel Πhh(~k, z). The
averages b˜~k(z) satisfy the set of equations
zb˜~k(z)− Σ˜H(~k; z)b˜~k(z) = −〈b˜~k(t = 0)〉t. (5.5)
In the limit kσ ≫ 1 the latter reduces to the single equation of diffusion for n~k(z) in which
the transport kernel ΣH(~k; z) = 〈Ψ1|ϕL−Bnn (~k)|Ψ1〉 corresponds to the Lorentz-Boltzmann
collision integral (5.3). In the opposite case, when kσ ≪ 1, matrix Σ˜H(~k; z) is defined as
follows: Σ˜H(~k; z) = iΩ˜H(~k)− Π˜H(~k; z),
Σ˜H(~k; z) =


0 iΩn 0
iΩn −〈Ψ2|ϕhsnn|Ψ2〉 − Σljj iΩh −Πh
0 iΩh − Πh −〈Ψ3|ϕhsnn|Ψ3〉 − Πlhh


(~k,z)
(5.6)
with Σjj(~k, z) defined by (4.22) and
Πhh(~k, z) = Π
kin,kin
hh (
~k, z) + Πkin,inthh (
~k, z) + Πint,kinhh (
~k, z) + Πint,inthh (
~k, z), (5.7)
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which is equivalent to (4.10).
We can separate real and imaginary parts in memory functions (4.22) and (5.7) as follows:
Σjj(~k, z) = Σ
′
jj(
~k, ω) + iΣ′′jj(
~k, ω), Πhh(~k, z) = Π
′
hh(
~k, ω) + iΠ′′hh(
~k, ω). (5.8)
Herewith, the contributions from the hard sphere dynamics with typical spatial-temporal
scale τ0 → +0, ∆r0 → +0 are separated in the transport kernel ϕnn(~k; ~p, ~p′; t, t′) only in
the first term in the right-hand side of elements (3.29) and hence in (4.22). After these
transformations we can obtain a spectrum of collective excitations in the hydrodynamic
limit kσ ≪ 1. Heat mode is defined as follows:
zH(k) = −DTk2, DT = DTE +DlT, (5.9)
where DT is the thermal diffusivity coefficient for the system with the potential of interac-
tion (5.1). In (5.9) DlT is determined through the corresponding elements (3.29) of matrix
of transport kernels (3.28):
DlT =
λl
nmcp
, λl = lim
~k→0,ω→0
λl(~k, ω), λl(~k, ω) =
cv(k)
kBβ2
1
k2
Π′′hh(
~k, ω). (5.10)
Here, λl is a hydrodynamic limiting value of the generalized heat conductivity coefficient
λl(~k, ω) defined via elements of the matrix (3.28). cp and cv are the ~k → 0 limit values
of the generalized heat capacity at constant pressure cp(k) and at constant volume cv(k),
respectively. Two sound modes
z±(k) = ± ick − Γk2, c = γ
βmS(0)
, Γ =
1
2
[
(γ − 1)DT + ηL
]
, (5.11)
where c is the sound velocity in the system with the potential of interaction (5.1), γ = cp/cv,
and S(0) is a limiting value of a static structure factor S(k) of the system with potential (5.1).
Γ is the sound damping coefficient.
ηL =
(
4
3
η⊥ + ηb
)
/mn, ηb = ηbE + η
b
l , η
⊥ = η⊥E + η
⊥
l (5.12)
ηL is the longitudinal viscosity defined via the bulk viscosity ηb and the shear viscosity η⊥
coefficients, respectively. η⊥E is the shear viscosity in Enskog theory, and η
⊥
l is the value of
the generalized shear viscosity coefficient η⊥l (
~k, ω) [defined via elements of the matrix (3.28)]
calculated in the hydrodynamic limit
η⊥l = lim
~k→0,ω→0
η⊥l (
~k, ω), η⊥l (
~k, ω) =
mn
β
1
k2
Σ′′⊥jj (
~k, ω). (5.13)
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Σ⊥jj(
~k, z) is the transverse component of the generalized transport kernel Σjj(~k, z), where
the wave vector ~k is directed along the 0Z axis. The longitudinal viscosity coefficient ηLl is
calculated in the hydrodynamic limit
ηLl = lim
~k→0,ω→0
ηLl (
~k, ω), ηLl (
~k, ω) =
mn
β
1
k2
Σ′′Ljj (
~k, ω), (5.14)
with ηLl (
~k, ω) being the generalized longitudinal viscosity coefficient defined via longitudinal
components of the generalized transport kernel Σjj(~k, z). Two transverse modes with the
eigenvalues given by
zν(k) = −νk2, ν = η
⊥
E + η
⊥
l
nm
. (5.15)
ν is the kinematic viscosity for the system with the potential of interaction (5.1).
In the limit kσ ≫ 1, we obtain a diffusion mode, with the eigenvalue
zD(k) = −DEk2, (5.16)
which is the same as in the Enskog theory.
As we can see from the above expressions, presence of the long-range part in the poten-
tial of interaction entails a renormalization of all the damping coefficients in the collective
modes spectrum. In particular, contributions related to long-range potential appear in heat
and sound modes as well as in transverse modes. Nevertheless, diffusion mode remains
unchanged.
When obtaining the spectrum of collective excitations based on the transport equations
(5.2), (2.9) in the limit |~k| → 0, ω → 0 we have not specificated the form of the long-range
potential of interaction Φl(|~rij|). Obviously, for every |~k| and ω from the whole range of their
values, the contributions from short-range and long-range parts of potential of interaction
into kinetic and hydrodynamic processes will be different and it is difficult to solve this prob-
lem in general. The kinetic processes connected with the particles scattering will be affected
by both short- and long-range parts of interaction potential. Obviously, the long-wavelength
hydrodynamic processes will be affected by the long-range part of potential Φl(|~rij |) suffi-
ciently, in particular, when the latter can be presented via the Fourier-components of the
particles number density (3.22). In order to evaluate the contribution of the long-range
part into the collision integral
∫
d~p′
∫ t
−∞
dt′eε(t−t
′)ϕlnn(
~k; ~p, ~p′; t, t′)f~k(~p
′; t′) we can employ an
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approach used to obtain the Enskog-Landau kinetic equation [12] in the second order in
long-range interaction. For our case of weakly nonequilibrium processes, we obtain:∫
d~p′
∫ t
−∞
dt′eε(t−t
′)ϕlnn(
~k; ~p, ~p′; t, t′)f~k(~p
′; t′) = (5.17)
−n~F (~k; t) · ∂
∂~p
f~k(~p; t) + n
∫
d~v′
∫
dϕ
∫ ∞
0
db|~q|b [f0(~v′∗)f~k(~v; t)− f0(~v)f~k(~v′∗; t)] ,
where ~F (~k; t) is the Fourier transform of the function ~F (r; t) = ∂
∂r
Φl(r)g2(r; t), b is the
impact parameter, ϕ is the azimuthal angle of scattering. ~v′∗, ~v∗ are the particle velocities
after collision:
~v∗ = ~v +∆~v, ~v′∗ = ~v′ +∆~v, ∆~g∗ = ~g∗ − ~g = 2∆~v, ~g∗ = ~v′∗ − ~v∗,
∆~g∗ =
1
µ∗|~g|
∫ ∞−∞
dξ
(
∂
∂~r
Φl(r)
)
g2(r; t)
∣∣∣∣∣
r=
√
b2−ξ2
,
ξ is the distance along centreline of cylinder of two particles scattering, µ∗ is the reduced mass
and g2(r; t) is the two-particle quasiequilibrium coordinate distribution function. Herewith,
it is assumed that scattering angles of particles a small, namely, χ∗(b,~g) = |∆~g∗|/|~g| ≪ 1.
Thereby, it is possible to take into account an effect of the long-range part of the interaction
potential in the region of particles scattering with a transfer of momentum.
Another important contribution of long-range part of interaction potential Φl(|~rij |) is
connected with transport kernels (3.15)–(3.16), the potential part of the generalized heat
conductivity coefficient ϕ¯
(0)
h˙h˙
(~k; t, t′) as well as the coefficients ϕ¯
(0)
h˙
(~k; t, t′) and ϕ¯h˙(
~k; t, t′)
describing cross-correlations between viscous and heat processes. In particular, to calculate
ϕ¯
(0)
h˙h˙
(~k; t, t′) it is necessary to reveal the action of Liouville operator onto hˆint~k . Taking into
account (3.22) with contribution from short-range interaction we obtain
˙ˆ
hint~k = − i~k ·
∑
i 6=j
~pi
m
Φsh(|~rij|)e−i~k·~ri (5.18)
+
1
2m
∑
~q
ν(q)
[
−i(~q + ~k) · ~ˆj~q+~knˆ−~q + i~q · nˆ~q+~k~ˆj−~q
]
−
∑
~q
ν(q)S3(~q + ~k,−~q,−~k)S−12 (~q)i~k · ~ˆj−~k . (5.19)
Taking into account the structure of
˙ˆ
hint~k for ϕ¯
(0)
h˙h˙
(~k; t, t′) we obtain:
ϕ¯
(0)
h˙h˙
(~k; t, t′) = ϕ¯sh,sh
h˙h˙
(~k; t, t′) + ϕ¯sh,l
h˙h˙
(~k; t, t′) + ϕ¯llnjj(
~k; t, t′) + ϕ¯llnjnj(
~k; t, t′), (5.20)
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where, in particular,
ϕ¯sh,sh
h˙h˙
(~k; t, t′) = k2〈
∑
ij
~pi
m
Φsh(|~rij|)e−~k~riT0(t, t′)
∑
lj
~pl
m
Φsh(|~rlj|)e~k~rl〉0Φ−1hh (~k)
ϕ¯llnjnj(
~k; t, t′) =
(
1
2m
)2∑
~q~q′
ν(q)ν(q′) (5.21)
×
[
− (~q + ~k) · 〈~ˆj~q+~knˆ−~qT0(t, t′)~ˆj~q′−~knˆ−~q′〉0 · (~q′ − ~k) + (~q + ~k) · 〈~ˆj~q+~knˆ−~qT0(t, t′)nˆ−~q′−~k~ˆj−~q′〉0 · ~q′
+~q · 〈nˆ~q+~k~ˆj−~qT0(t, t′)~ˆj~q′−~knˆ−~q′〉0 · (~q′ − ~k)− ~q · 〈nˆ~q+~k~ˆj−~qT0(t, t′)nˆ−~q′−~k~ˆj−~q′〉0 · ~q′
]
Φ−1hh (
~k)
Here, the time correlation function ϕ¯sh,sh
h˙h˙
(~k; t, t′) contributes from the short-range interac-
tion and depends on the model for potential Φsh(|~rij|). ϕ¯sh,lh˙h˙ (~k; t, t′) is the time correlation
function describing cross-correlations between contributions from the short- and long-range
parts of the potential of interaction. ϕ¯llnjj(
~k; t, t′) and ϕ¯llnjnj(
~k; t, t′) are the time correlation
functions of the third and the fourth order in dynamic variables ~ˆj, nˆ~ˆj with the evolution
operator T0(t, t
′). Investigating the time correlation functions for ϕ¯llnjnj(
~k; t, t′) an approx-
imation of the mode coupling type [3] via the time correlation functions ΦnnΦjj + ΦnjΦjn
can be used. This issue needs a more detailed investigation within a certain model for the
potential of interaction between particles.
VI. CONCLUSIONS
In summary, in the present paper we consider the set of equations for the nonequilibrium
one-particle distribution function and the potential part of the enthalpy density obtained
within the framework of a consistent description of kinetics and hydrodynamics in dense
gases and liquids. In this set of equations the collision integral of the kinetic equation has
the Fokker-Planck form with the generalized friction coefficient in momentum space. It was
shown that in this approach the viscosity processes are described in terms of the generalized
diffusion and friction coefficients in the phase space. Applying the procedure of projecting
onto the moments of the nonequilibrium distribution function to the equations (2.9), (5.2)
we obtain a set of equations for extended set of variables {n~k(z), ~~k(z), hkin~k (z), hint~k (z)}
and perform the transition to the transport equations of molecular hydrodynamics.
Within the framework of consistent description of kinetic and hydrodynamic processes we
considered a set of kinetic equations for the potential of interaction of the system presented
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by the sum of hard spheres potential Φhs(|~rij|) and a certain smooth one Φl(|~rij|). In this
case, we separated the Enskog-Boltzmann collision integral describing a collision dynamics
at short distances from the collision integral of the kinetic equation for the nonequilib-
rium distribution function. Applying the procedure of projecting and passing to equations
of molecular hydrodynamics we obtain a set of equations which allow us to investigate a
spectrum of collective excitations in the limits kσ ≪ 1 and kσ ≫ 1. We showed that,
besides the contribution from the hard spheres potential, all hydrodynamic modes contain
contributions from the long-range part of potential. These contributions make the damp-
ing coefficients closer to the ones known from the hydrodynamic theory. Here, we formally
presented the contribution from the long-ranged part of potential, since the latter, for ex-
ample the Coulomb one, will contribute into the transport kernels (2.11). Moreover, we
can separate the linearized Landau-like collision integral (5.17) describing pair collisions in
ϕnn(~k; ~p, ~p
′; t, t′), while ϕhn(~k; ~p; t, t
′), ϕnh(~k; ~p; t, t
′), ϕhh(~k; ~p; t, t
′) take into account collec-
tive Coulombic interactions. Evidently, calculation of the elements (3.29) of matrix Π˜(~k; z)
will depend on the model of time dependence (exponential, Gaussian etc.) for transport
kernels (2.11). When a spectrum of collective excitations is known, a whole set of time
correlation functions can be investigated. In particular, it makes possible to investigate the
behaviour of the dynamic structure factor and, in the case of potential (5.1), to separate a
contributions from the hard spheres potential and the long-range part of potential in it.
Appendix
Here we present some correlation functions appearing in section III. Correlation functions
ϕ¯
(1)
nn(~k; ~p, ~p′; t, t′) entering the equations (3.9) has the following form:
ϕ¯(1)nn(
~k; ~p, ~p′; t, t′) =
β
m
~p · ~ΦFh(~k)f0(p)ϕh(~k; ~p′; t, t′) · i
~k
m
(A.1)
+−
~k
m
· ~pϕn(~k; ~p, ~p′; t, t′) ·
~k
m
β
m
~p · ~ΦFh(~k)f0(p)ϕhF (~k; ~p′; t, t′) · ∂
∂~p′
+
i~k
m
· ~pϕnF (~k; ~p, ~p′; t, t′) · ∂
∂~p′
−
~k
m
· ϕn(~k; ~p, ~p′; t, t′)
~k
m
· ~p′ − ∂
∂~p
· ~pϕFn(~k; ~p, ~p′; t, t′) i
~k
m
· ~p′
− β
m
~p · ~ΦFh(~k)f0(p)ϕhn(~k; ~p′; t, t′) i
~k
m
· ~p′ +
~k
m
· ~pϕ(0)nn(~k; ~p′; t, t′)
~k
m
· ~p′.
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It contains the following correlation functions
ϕ(0)nn(
~k; ~p, ~p′; t, t′) = 〈nˆ~k(~p)T0(t, t′)nˆ−~k(~p′)〉0, ϕhn(~k; ~p′; t, t′) = 〈hˆint~k T0(t, t′)nˆ−~k(~p′)〉0,
ϕh(~k; ~p
′; t, t′) = 〈hˆint~k T0(t, t′)~ˆ−~k(~p′)〉0, ϕhF (~k; ~p′; t, t′) = 〈hˆint~k T0(t, t′) ~ˆF−~k(~p′)〉0, (A.2)
ϕn(~k; ~p, ~p
′; t, t′) = 〈nˆ~k(~p)T0(t, t′)~ˆ−~k(~p′)〉0, ϕnF (~k; ~p, ~p′; t, t′) = 〈nˆ~k(~p)T0(t, t′) ~ˆF−~k(~p′)〉0,
ϕFn(~k; ~p, ~p
′; t, t′) = 〈 ~ˆF~k(~p)T0(t, t′)nˆ−~k(~p′)〉0, ϕhn(~k; ~p′; t, t′) = 〈hˆint~k T0(t, t′)nˆ−~k(~p′)〉0,
constructed on the basic set of dynamic variables nˆ~k(~p), hˆ
int
~k
along with the Fourier-
components of the momentum density ~ˆ~k(~p) and the force
~F~k(~p) in momentum space. More-
over, nˆ~k(~p), ~ˆ~k(~p) and
~F~k(~p) are connected by the equation of motion (3.1).
The correlation functions (A.2) enter into ϕ
(2)
n (~k; ~p; t, t′) from equation (3.8):
ϕ(2)n (
~k; ~p; t, t′) =
i~k
m
· ~pϕnh(~k; ~p; t, t′) β
mn
~ΦFh(~k) +
β
m
~p · ~ΦFh(~k)f0(p)ϕhh(~k; t, t′) β
mn
~ΦFh(~k)
− i
~k
m
· ϕh(~k; ~p; t, t′) β
mn
~ΦFh(~k) +
∂
∂~p
· ϕFh(~k; ~p; t, t′) β
mn
~ΦFh(~k), (A.3)
where
ϕh(~k; ~p; t, t
′) = 〈~ˆ~k(~p)T0(t, t′)hˆint−~k〉0, ϕFh(~k; ~p; t, t
′) = 〈~F~k(~p)T0(t, t′)hˆint−~k〉0, (A.4)
ϕhh(~k; t, t
′) = 〈hˆint~k T0(t, t′)hˆint−~k〉0
the correlation functions of the Fourier-components of densities of the potential part of
enthalpy, momentum ~ˆ~k(~p) and force
~F~k(~p) in impulse space.
The correlation functions entering the equation (3.14) have the following structure
ϕ¯h˙(
~k; ~p; t, t′) = 〈~ˆ~k(~p)T0(t, t′) ˙ˆhint−~k〉0Φ−1hh (~k),
ϕ¯F h˙(
~k; ~p; t, t′) = 〈~F~k(~p)T0(t, t′) ˙ˆhint−~k〉0Φ−1hh (~k),
ϕ¯hh˙(
~k; t, t′) = 〈hˆint~k (~p)T0(t, t′)
˙ˆ
hint
−~k
〉0Φ−1hh (~k),
ϕ¯nh˙(
~k; t, t′) = −〈 ˙ˆn~k(~p)T0(t, t′)hˆint−~k〉0Φ−1hh (~k) =
i~k
m
· ϕ¯h(~k; ~p; t, t′)− ∂
∂~p
· ϕ¯Fh(~k; ~p; t, t′),
ϕ¯h(~k; ~p; t, t
′) = ϕh(~k; ~p; t, t
′)Φ−1hh (
~k),
ϕ¯Fh(~k; ~p; t, t
′) = ϕFh(~k; ~p; t, t
′)Φ−1hh (
~k) (A.5)
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and they are the normalized time correlation functions.
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